Abstract. We consider the linear functional Re(a 3 + a 2 ) for 2 iRon the set of normalized univalent functions in the unit disk and use the result to disprove a conjecture of Bombieri.
Introduction
Let S be the class of functions f(z) = z+a 2 z 2 +a 3 z 3 + analytic and univalent in the unit disk D := fz 2 C : jzj < 1g. We consider for a xed constant 2 C the linear functional L (f) = L (a 2 ; a 3 ) := Re (a 3 + a 2 ) ; f 2 S:
(1.1) Every function F 2 S maximizing L over S is called a support point for L .
The coe cient functional L has been studied by Brown Bro81] who obtained a complete picture of the support points for L for all 2 C apart from the case = ij j, 6 j j < 8. In a completely di erent manner the functional L was investigated by Tammiand Kortram in KT80] and by Tammi in Tam82] . However, the reasoning in KT80] and Tam82] in the most di cult case 2 iR, j j < 8, is not complete as it was pointed out for instance by Leung, Leu85] , p. 9. The problem is to show that a certain system of non-linear equations (cf. Let 0 < n < 4e=(e ? 1) such that lim n!1 n = 4e=(e ? 1). In view of (1.3) and Theorem 1.1 (b) there are functions F n (z) = z + a (n) 2 z 2 + a (n) 3 z 3 + 2 S n fKg such that F n ! K locally uniformly in D and min f2S Re(a 3 ? n a 2 ) = Re(a (n) 3 ? n a (n) 2 ) < 3 ? 2 n : In particular, 3 ? Re a (n) In the sequel we will work only with conditions (2.1) and (2.2). It is therefore convenient to introduce the following terminology; cf. P 88].
De nition 2.1. A function f(z) = z + a 2 z 2 + 2 S is called A-admissible for A 2 C if f admits a piecewise analytic extension to D such that
is positive on jzj = 1 except possibly for one or two points on jzj = 1. If, in addition, The following estimate for T(v; x) on X will be useful later on:
The rst inequality in (2.7) may be obtained by comparing the partial derivatives with respect to v for xed x, the second one readily follows from arctan y < y for y > 0.
By for xed v proves the statement about the endpoints of . We shall prove now that q(v; x) is increasing on . To see this consider d dt q(t; x(t)) = q v (t; x(t)) ? q x (t; x(t)) g v (t; x(t)) g x (t; x(t)) A straightforward computation involving (2.7) and L(v; x) 0 shows q v (v; x) > 0 and q x (v; x) < 0 on (0; 1) (?1; 1). Hence d dt q(t; x(t)) > 0. Translating our result via (2.8) and (2.9) back to the functions h( ; ) and p( ; ) we obtain the assertion.
We deduce from Lemma 2.5 that for = ip and p 4e=(e ? 1) the unique support point for L is the Koebe function iK(?iz). If p ?4e=(e ? 1), then, by symmetry, the unique support point for L is ?iK(iz). This proves part (a) of Theorem 1.1.
To prove part (b), i.e., to show that for 0 < p < 4e=(e ? 1), no rotation of the Koebe function is a support point for L ip , we establish the following: Lemma 2.6. For 0 < p < 4e=(e ? 1) let F 0 be the uniquely determined A( ; ( ))-admissible function such that p = p( ; ( )) for some 2 (( p e ? 1)=( p e + 1); 1).
Proof. We adopt the notation from the proof of Lemma 2.5. Using (2.2) we get 
